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Abstract
studying various functionals and associated gradient flows are known problems in differential
geometry. The perpose of this article is to provide a general overview of curvature functionals in
Finsler geometry and use their information for introducing gradient flow on Finsler manifolds.
For aiming this purpose, at first we prove space of Finslerian metrics is a Riemannian manifold,
then we give some decompositions of tangent space of this manifold and finally we introduce
gradient flow by useing Akbar Zadeh curvature functional.
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1 Introduction
Nonlinear heat flows first appeared in Riemannian geometry in 1964, when Eells and Sampson intro-
duced the harmonic map heat flow as the gradient flow of the energy functional E(u) =
∫
M
|∇u|2dV
[16]. They used this flow as a tool to deform given maps u : M → N between two manifolds into
extremal maps which are critical points in the sense of calculuse of varitions for E(u).
A fundamental problem in differential geometry is to find canonical metrics on Riemannian man-
ifolds, i.e. metrics which are highly symmetrical, for example metrics with constant curvature in
some sense. Hamilton used the idea of evolving an object to such an ideal state by a nonlinear
heat flow for the first time and invented the Ricci flow in 1981 [23]. He proved that a Riemannian
metric of strictly positive Ricci curvature on a compact 3-manifold can be deformed into a metric
of positive constant curvature, using this idea G. Huisken [25], C. Margerin [26] and S. Nishikawa
[29] proved that on a compact n-manifold, a Riemannian metric can be deformed into a metric of
constant curvature, if it is sufficiently close to a metric of positive constant curvature [30].
The stationary metrics under the Ricci flow are Ricci flat metrics which are also the critical points
of the Einstein -Hilbert functional E(g) =
∫
M
RdV but the Ricci flow is not exactly the gradient
flow of functional E(g) =
∫
M
RdV , it is just a part of Einstein -Hilbert functional’s gradient flow,
∂tgij = −Rij +
R
n
gij . If this functional is restricted to the class of conformal metrics then it has a
strictly parabolic gradient flow which is called Yamabe flow. Hamilton proved that there is not any
functional such that its gradient flow is Ricci flow. Perelman improved Einstien-Hilbert functional
and introduced F(gij , f) =
∫
M
(|∇f |2 + R)e−fdV ,this functional has a system of including two
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gradient flows which one of them is Ricci flow [27].
Since gradient flows has important role in global analysis on manifolds and in different branches of
application sciences like image processing, biological problems and ..., it is an important branch of
studying. So it might be good to extend this topic on Finslerian manifolds. For the first attempt
in this topic, we can mention the concept of Ricci flow by Bao [4] and as a bit more serios studying,
Ohta and Sturm introduced heat flows on Finsler manifolds [21].
Since the classification of Finslerian manifolds with constant curvature is incomplete and further-
more, there are different kinds of curvature in Finsler geometry, we can not assure are gradient
flows benefit tools for studying on Finsler manifolds like Riemannian ones?
The main object of this paper is to introduced gradient flow of curvature functionals in Finsler
geometry. For aiming this purpose, we start with studying space of Finsler metrics MF and then
we produced some decompositions for tangent space of MF and in the last part of our paper we
give an exact definition of variations of Finslerian metrics and using the calculuse of variations for
deriving some gradient flows.
2 Preliminaries
Let (M,g) be a connected, compact Finsler manifold. It means that there is a function F on
tangent bundle TM with the following conditions:
• F is a smooth function on the entire slit tangent bundle TMo.
• F is a positive homogenuouse function on second variable, y.
• The matrix (gij), gij(x, y) =
1
2
∂2F 2
∂yi∂yj
is nondegenerate.
The geodesics of a Finsler structure F are characterized locally by d
2xi
dt2
+ 2Gi(x, dx
dt
) = 0 where
Gi = 14g
ih( ∂
2F 2
∂yh∂xj
yj − ∂F
2
∂xh
) and called geodesic spray coefficients. Set Gij =
∂Gi
∂yj
which are the
coefficients of nonlinear connection on TM . By means of this nonlinear connection, tangent space
of TMo splits in two horizontal and vertical subspaces, which is spanned by {
δ
δxi
, ∂
∂yi
}, where
δ
δxi
:= ∂
∂xi
− Gji
∂
∂yj
that are called Berwald bases and their dual bases are denoted by {dxi, δyi},
where δyi := dyi + Gijdx
j. Furthermore this nonlinear connection can be used to define a linear
connection which is called Berwald connection and its one forms defined locally by πij = G
i
jkdx
k
where Gijk =
∂Gij
∂yk
. The one forms of cartan connection are defined by ∇ ∂
∂xi
= ωji
∂
∂xj
, where for
Γijk =
1
2g
im(
∂gmj
∂xk
+ ∂gmk
∂xj
−
∂gkj
∂xm
)− (CijsG
s
k +C
i
ksG
s
j −CkjsG
si) and Cijk =
1
2g
im(
∂gmj
∂yk
+ ∂gmk
∂yj
−
∂gkj
∂ym
),
ωij = Γ
i
jkdx
k + Cijkδy
k.Now, by using definition of curvature tensor on Riemannian vector bundle
π∗TM , hh-curvature of Cartan and Berwald connections are related by [2],
R ij kl = H
i
j kl + C
i
jrR
r
o kl +∇k∇oC
i
jk −∇k∇oC
i
jl +∇oC
i
lr∇oC
r
ji −∇oC
i
kr∇oC
r
jl
Indicatrix bundle of a Finsler structure is defined by SM := ∪
x∈M
SxM , where Sx = {y ∈ TxM |F (x, y) =
1}, according to this definition, SxM is the hypersurface in TxM . Indicatrix bundle, SM is always
orientable and since we assume M is compact, SM is compact, too. These two properties help to
define volume form and global inner product on SM . The volume element of the indicatrix bundle
is denoted by (2n − 1)-form η [2],
η :=
(−1)N
(n− 1)
φ, φ = ω ∧ (dω)(n−1), N =
n(n− 1)
2
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where ω is Hilbert form. On tensor spaces on SM , we have the canonical scalar product (point-
wise) < .|. > and on their sections, the global scalar product (.|.) =
∫
SM
< .|. > η. Furthermore,
Akbarzadeh introduced the codifferential operator on the differentiable one forms defined on SM
in [2],
δa = −(∇jaj − aj∇0T
j) (1)
where a is a horizontal 1-form on SM . And,
δb = −F (∇˙jb
j + bjT
j) = −Fgij∂jbi (2)
where b is a vertical 1-form on SM , ∇ and ∇˙ are horizontal and vertical coeffiecients of Finsle-
rian(Cartan) connection ∇˜ = ∇ + ∇˙, respectively. The Ricci tensor is introduced from different
ways in Finsler geometry, in this paper we consider Akbarzade definition H˜ij =
∂2Hrs
∂yi∂yj
yrys where
Hij = y
kHikjsy
s which is defined by hh-curvature. Another curvature which is defined by hh-
curvature is Ricci-directional curvature, H(u, u) = gikHijklu
jul. This curvature is related to second
type scalar curvature H˜ = gijH˜ij, in the critical points of Akbarzadeh curvature functionals.
3 Space of Finsler metrics
Endow compact manifold M , with a fixed Finslerian structure F that making it a Finslerian
manifold (M,g). Since all coefficients of a Finslerian metric are zero homognuous, it is sufficient
to consider them on SM . So without loss of generality, we can write g ∈ S2+(π
∗
sT
∗M) where
πs : SM → M and S
2
+ denotes space of positive definite two forms. We note that Finsler met-
rics are special case of the GL-metrics on TM . In other words, a GL-metric gij(x, y) is reducible
to a Finsler metric if and only if the vertical coefficients of the cartan connection Cijk, satisfied
Cijky
j = 0 [7], but according to the Euler theorem and definition of cartan tensor, this property is
always true when coefficients, Cijk are symmetric in all three indices.
Proposition 1. The space of all Finslerian metrics on a compact manifold M is a Riemannian
manifold [].
Proof. The relation Cijky
j = 0 is simplifying to the linear differential equation yk
∂gij
∂yk
= 0 on a
Finsler manifold M . It is clear that this PDE is solvable. Let D be a domain of SM and we have
a set of differential equations for a collection of functions
(g11, . . . , g1n, . . . , gn1, . . . , gnn) : D → R
n×n
Then solutions of the above differential equation are sections of Rn×n fibered over D. The collection
of these sections is an infinite dimensional vector space and so it is an infinite dimensional manifold
which is represented by MF . For every g ∈ MF , the tangent space of this manifold is the space
of all symmetric two tensors that are zero homogenuouse and symmetric in all three indices i.e,
TgMF = {h ∈ S
2(π∗sT
∗M)|yj
∂hij
∂yk
= 0}. we assume that h’s are squar integrable of order s and
define global inner product on MF by
(a, b) :=
∑
s≥0
∫
SM
< ∇˜sa, ∇˜sb > η
where a, b ∈ TgMF and ∇˜ is cartan connection. This inner product just depends on x. Therefore,
the pair (MF , (.|.)) is a Riemannian manifold.
Definition 1. The set of all Finslerian metrics on a compact manifold M is defined as an answer
set of linear partial differential equation yiCijk = 0 and represented by MF .
3
4 Different decompositions of tangent space of MF
Let X = Xi ∂
∂xi
be a section of Γ(π∗TM). Define a uniqe associated horizontal vector field by
Xˆ = Xi δ
δxi
. Consider canonical linear mapping ̺ : TzTM → π
∗TxM that is ̺z(
δ
δxi
) = ∂
∂xi
|x and
̺z(
∂
∂yi
) = 0 in local coordinates. Suppose Xˆ, Yˆ and Zˆ are sections of Γ(TTM) so the Lie derivative
of Finslerian metric g is defined by (L
Xˆ
g)(̺Yˆ , ̺Zˆ) by using Lie derivative and torsion definitions
and properties of cartan connection, we obtian:
L
Xˆ
g(̺Yˆ , ̺Zˆ) = L
Xˆ
g(Y,Z)
= g(symm(∇X)Yˆ , Z) + g(Y, symm(∇˙X)Zˆ)
+ 2g(T (X, Z˙), Y ) + g(T (X˙, Z), Y ) + g(T (X˙, Y ), Z)
where g(symm(∇X)Yˆ , Z) := g(∇
HYˆ
X,Z) + g(Y,∇
HZˆ
X) and is defined for vertical connection
similar to this.
Now, suppose vector field Xˆ is a complete lift of a vector field X on M by replacing this vector
field in Lie derivative equation, and using ym ∂X
i
∂xm
= ym δX
i
δxm
and
∇
(XiGli+y
m ∂X
l
∂xm
) ∂
∂xl
∂
∂xk
= (XiGli + y
m ∂X
l
∂xm
)Cmlk
∂
∂xm
= (ym
δX l
δxm
+ ymXiF lim)C
m
lk
∂
∂xm
= ym∇mX
lCmlk
∂
∂xm
we deduced that
L
Xˆ
g(Y,Z) = ∇iXj +∇jXi + 2y
m∇mX
iCkij (3)
By means of the global inner product, we define the adjoint of this operator.
Lemma 1. Let (M,g) be a compact Finslerian manifold and h be an arbitrary symmetric two form
of S2π∗T ∗M , the adjoint of Lie derivative of h in local coordinates is
δh = −(∇ihik − hkj∇0T
j + C˙kijh
ij + Ckij∇oh
ij) (4)
Proof.
∫
SM
1
2
(L
Xˆ
g, h)η =
1
2
∫
SM
(∇iXj +∇jXi + 2y
m∇mX
kCijk)h
ijη
=
∫
SM
∇iXjh
ijη +
∫
SM
ym∇mX
kCkijh
ijη
=
∫
SM
(hik∇0T
i −∇ihij − (∇0Cijk)h
ij − Cijk∇0h
ij)Xkη
= −
∫
SM
(∇ihik − hik∇0T
i + C˙kijh
ij + Ckij∇oh
ij)Xkη
=
∫
SM
(X, δh)η
4
Definition 2. Divergence of symmetric two forms in S2π∗T ∗M is adjoint of L
Xˆ
g with respect to
global inner product and calculated by 4 and represented by δ.
Theorem 1. The Berger-Ebin decomposition for TgMF is TgMF = {h|h = LXˆg} ⊕ S
T where
ST := {h|δgh = 0}
Proof. We define the differential operator τg for every g ∈ MF by τgh := −πs∗δgh which is an
operator from TgMF to ΓTM . Its adjoint is denoted by τ
∗ and define by L
Xˆ
g where Xˆ is a
complete lift of X. For an arbitrary one form t on SM , the symbole of τ is defined by σt(τ) :=
̺∗t⊗Xh♯ +X
h
♯ ⊗̺
∗t and it is injective so the Berger-Ebin decomposition of TgMF is Imτ⊕kerτ
∗.
Definition 3. Section X of the tangent bundle TM is a Finslerian killing vector field if its complete
lift Xˆ on TM is a killing vector field for Finslerian metric g, that is L
Xˆ
g = 0.
A point-wise conformal deformation of a Finslerian metric g, is g˜(x, y) = f(x)g(x, y) where f
is a smooth positive function on M ,[18].Since there is a one to one corresponding between space of
positive functions and space of exponential functions by f → ef , we can write g˜ = efg. Therefore,
let P be the product group of positive function on M that acts on MF by function A as follows:
A : P ×MF →MF
A(f, g) := f.g
This action is free and smooth. The orbit of this action at g ∈ MF is defined byAg = {fg|f ∈ P}
which is a submanifold of MF [31]. Tangent space of this manifold at g is Fg = {h = kg|k ∈
C∞(M)} where is a subspace of S2π∗T ∗M at each point g ∈ MF . Orthogonal subspace of Fg with
respect to the global inner product is {h ∈ S2π∗sT
∗M |
∫
SM
kghη = 0} = {h ∈ S2π∗sT
∗M |tr(h) = 0}.
On the other hand, from the variation of the volume forms [2], we have tr(h) = 0 is equivalent
of being constant volume on SM . So the orthogonal space of Fg is the space of two forms which
preserve volume SM through metric variations. Thus there is a point wise decomposition like
S2π∗sT
∗M = Fg ⊕ ST (5)
Let D be the group of infinitesimal diffeomorphism on M and P be a one parameter group of
positive function on M . Put C = D ⋉ P which is a semi-direct group with the following action:
(η1, f1).(η2, f2) = (η1oη2, f2.(f1oη2))
This group acts on MF by function A˜ as follows:
A˜ : C ×MF →MF
A˜((η, f), g) = f.(η˜∗g)
where η˜ is the natural extention of η on TM which is defined by η˜t : (x
i, yi) → (xi + tvi, yi +
tym ∂v
i
∂xm
) such that vis are components of vector field V on M which is inducing infinitesimal point
transformation ηt . It is clear that Vˆ :=
d
dt
|t=0η˜t is a complete lift of the vector field V on TM .
The orbit of A˜ passing through g ∈ MF is
A˜g : F →MF
A˜g(η, g) = f.(η˜
∗g)
5
which is a submanifold of MF . So we dfine τg := dA˜g|(e,1) as follows:
τg : Γ(TM)×F → TgMF
τg(X, f) = LXˆg + kg
The adjoint of τg is denoted by τ
∗
g and defined by:
τ∗g : TgMF → Γ(TM)×F
h→ (πs∗(♯divh),
∫
SM
tr(h)η)
The kernel of this map is STT = {h ∈ TgMF |♯divh = 0,
∫
SM
tr(h)η = 0}, and since the symbol of
the map τg i.e. σt(τg)(X, f) = fg + t
⊗
π∗sX♯ + π
∗
sX♯
⊗
t where t is an arbitrary one form on SM
is injective so the Berger-Ebin decomposition is
S2π∗sT
∗M = STT ⊕ Imτg
By corresponding this decomposition with point-wise decomposition 5 ,we have
S2π∗sT
∗M = Fg ⊕ STT ⊕ (ST ∩ Imτg)
The last term of the right hand side of the above equation indicates that every two form h =
L
Xˆ
g+ fg preserve volume of SM that is tr(h) = 0 so h must be in the form h = L
Xˆ
g− 2
n
div(Xˆ)g.
All of the above discusion can be summarized in the following theorem.
Theorem 2. The Berger-Ebin decomposition for TgMF according to conformal deformation of
metrics is TgMF = Fg ⊕ S
TT ⊕ (ST ∩ Imτg).
5 Curvature functionals on M
Definition 4. A variation of a Finslerian metric, go is a one-parameter family of this metric i.e,
{gt}t∈I where gt = go + th ,go ∈ MF and h ∈ TgMF .
According to the above definition, a variation of Finslerian metric is a curve in infinite dimen-
sional manifold MF , with tangent vector field, h := g
′
t =
∂gt
∂t
. When a Finslerian metric has been
deformed, geometric structures, like nonlinear coefficients, curvatures, volume forms and indicatrix
will be changed . Variations of these objects are calculated in [2],
η′ = (gij −
n
2
uiuj)hijη (6)
G′ij =
1
2
(∇kh
i
o +∇oh
i
k −∇
ihok)− 2C
i
ksG
′s (7)
R′ijkl = ∇kΛ
i
jl −∇lΛ
i
jk + P
i
jlrΛ
r
ok − P
i
jkrΛ
r
ol + C
′i
jrR
r
okl (8)
where
Λijk = Γ
′i
jk + C
i
jrΓ
′r
ok
and
Γ′ijk =
1
2
gim(∇khmj +∇jhmk −∇mhjk)
− (CijsG
′s
k + C
i
ksG
′s
j − CkjsG
′s
mg
im)
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Akbazade by using differen kinds of curvatures introduced some functionals in[1, 2] like I(gt) =∫
SM
Hˆtηt where Hˆ = H˜ − c(x)H(u, u) which is a more general case of other ones and by means
of the above variations find their critical points and through this way, he defined generalized
Einstien metrics(GEM) on Finsler manifolds as critical points of these functionals based on the
assumption that indicatrix has constant volume. Since all thier functionals caused to GEM so we
just choose the general one,I(gt) and works with it. According to Akbarzade’s calculation, the
Euler-Lagrange equation of these functionals is −H˜ij + c(x)gij = 0, so thier associated gradient
flow is
∂gij
∂t
= −H˜ij + H(u, u)gij = −∇I(gt). But there is a question here, is there any answer
for this equation? For answering this question, consider the linearization of this equation. Since
H˜ij
′
yiyj = 12
∂
∂yi
∂
∂yj
H ′kry
kyr and H ′ksy
kys = 2∇rG
′r −∇0G
′r
r + 2∇0TrG
′r[2] and use 7, we deduced
that the first term of the gradient flow is of order 4 in term of h. For eliminating this problem, we
contract both of the equation with ui and uj so we have ∂t log Ft = 0 which is degenerate. So we
consider one of the two terms by contracting, we obtain ∂t logFt = −H(u, u). This equation is intro-
duced by Bao [4] and called Ricci flow. This equation like in Riemannian case is not a gradient flow.
Proposition 2. The functional I(gt) is a Riemannian functional.
Proof. Suppose ϕ is a diffeomorphism on TM and g a Finslerian metric on M , so ϕ∗g ∈ MF .
With straight calculation for one parameter family of diffeomorphism obtained H˜ϕ∗t g0 = ϕ
∗
t H˜g0 ,
H(u, u)ϕ∗t g0 = ϕ
∗
tH(u, u)g0 and ηϕ∗t g = ϕ
∗
t ηg0 by replacing these equations in I(gt), we obtain:
I(ϕ∗t (g0)) =
∫
˜SM
Hˆϕ∗t g0ηϕ∗t g0 =
∫
ϕ∗t (SM)
ϕ∗t Hˆg0ϕ
∗
t ηg0 =
∫
ϕ∗t (SM)
ϕ∗t (Hˆg0ηg0)
= ϕ∗t (I(g0))
Taking derivative from both sides of above equation:
d
dt
|t=0I(ϕ
∗
t g0) = I
′(g0)LXg0 =
d
dt
|t=0ϕ
∗
t (I(g0)) = X.I(g0) = 0
So I(ϕ∗t (g0)) = I(g0)and it means I(gt) is a Riemannian functional.
Remark 1. Curvature functional I(gt) is invariant under one parameter group of diffeomorphisms
so we can consider the curvature functional on the space MF
D
. specially I(gt) is invariant under
Finsler killing vector fields.
According to the Berger-Ebin decomposition, there are two kinds of conformal deformation, a
point-wise conformal deformation and infinitesimal conformal deformation that the first one takes
part in Fg and the other takes part in STT . For our purpose, we restrict Akbar Zadeh’s introducing
functionals on Fg.
Lemma 2. The variation of volume form with respect to the point-wise conformal variation is
η′ = 12trg(h)η.
Proof. The point-wise conformal variation of a metric g is g˜ij = e
2f(t,x)gij so hij = ̺(t, x)gij where
̺(t, x) = f ′(t, x)ef(t,x) = 1
n
trg(h) by replacing this equation in 6 we obtain η
′ = 12n trg(h)η.
Theorem 3. Let M be a closed and connected Finslerian manifold with dim≥ 3. A metric g is
critical for I(gt) under all pointwise conformal variations if and only if the Finslerian manifold is
Ricci directional flat.
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Proof. The derivative of functional I(g) in usual direction is
(H˜jk − λH(u, u)ujuk − (nτ − φ)ujuk −
1
2
Hˆgjk)h
jk = 0 (9)
We product two side of equaion by uiuj and obtain
H˜(u, u)− λH(u, u)− (nτ − φ)−
Hˆ
2
= 0 (10)
Since tjk =
trg(t)
n
gjk, so we product both side of 9 by gjk,
H˜ − λH(u, u)− (nτ − φ)−
n
2
Hˆ = 0 (11)
Now from equations 10 and 11, we deduced that
n− 1
2
Hˆ = −
n− 1
2
a+ H˜ − H˜(u, u) (12)
and
λH(u, u) + (nτ − φ) =
n
n− 1
H˜(u, u)−
1
n− 1
H˜ (13)
Replacing two last equations in 9. By simplifying the equation and product it to uiuj , we have
(n− 2)H˜(u, u) = 0
so H(u, u) = 0
This functional is not invariant under scaling. For eliminating this problem, we use a normal
factor ψ = ψ(t), and put g˜ = ψ(t)g(t) such that
∫
SM
η˜ = 1. So we deduced that η = ψ
−n
2 η˜ and by
replacing it in volume formula, we have ψ = (V (t))
−2
n . Now, we rewrite the functional I(gt) with
respect to this normal factor;
I˜(g) = I(g˜t) =
∫
SM
(H(g˜)− λH(u, u)(g˜))η˜
=
∫
SM
ψ−1(H(g) − λH(u, u)(g))ψ
n
2 η
= ψ
n−2
2 I(g)
= (V (t))
2−n
n I(g)
Theorem 4. Let M be a closed and connected Finslerian manifold with dim≥ 3. A metric g is
critical for I˜(gt) under all pointwise conformal variations if and only if the Finslerian manifold is
of constant Ricci-directional curvature.
Proof. Taking derivative from both sides of equation I˜(gt) = (V (t))
2−n
n I(g) and calculate it at
t = 0:
I˜ ′(gt)|t=0 =
2− n
n
V (t)′|t=0(V (0))
2−n
n
−1I(g0) + v(0)
2−n
n I ′(gt)|t=0
= V (0)
2−n
n {
2− n
2n
I(g0)
V (0)
∫
SM
tr(h)η +
∫
SM
Aijh
ijη}
8
Put Ave := I(g0)
V (0) which is a constant value. with restricted to point-wise conformal deformation,
we have:
0 = I˜ ′(gt)|t=0
= V (0)
2−n
n
∫
SM
(
2− n
n
Ave+Aijg
ij)
trg(h)
n
η (14)
Now we try to simplify paranteces equation;
0 =
2− n
n
Ave+Aijg
ij =
2− n
n
Ave− H˜ + λH(u, u) + (nτ − ϕ) +
n
2
Hˆ (15)
By replacing 12 and 13 in 15 we deduced
H(u, u) = −
(n− 2)(n − 1/2)
8n
Ave
Corollary 1. Under assumption of above theorem, second type scalar curvature is constant, too.
Proof. In the stationary points of cuurvature functional I(gt) based on constant indicatrix volume,
we have nH(u, u) = H˜[2]. So H˜ is constant, too.
Definition 5. The normalized gradient flow of functional I(gt) with restricted to the point-wise
conformal deformation is ∂
∂t
gij = −(H(u, u)− c)gij where c is consant value.It is clear that unnor-
malized gradient flow is defined by ∂
∂t
gij = −H(u, u)gij .
Corollary 2. Unnormalized gradient flow ∂
∂t
gij = −H(u, u)gij is a weakly parabolic equation.
Proof. The derivative of functional I(g) with above assumptions is I ′(gt)|t=0 =
∫
SM
H(u, u)trg(t)η =∫
SM
H(u, u)gjkt
jkη = 0 so its Euler-lagrange equation is H(u, u)gij = 0 and its associated gradient
flow is ∂
∂t
gij = −H(u, u)gij . The linearization of this equation is
H˜(u, u) = F−2ξiξjy
jti0 −
F−2
4
ξiξjg
ijt00 + lower order terms.
Put ξ1 = 1 and ξj = 0 for all j 6= 1. To evaluate the symbol of this equation, we take an orthonormal
frame (ei) at x ∈M such that u
n = y
n
F
= 1 and uα = 0 for all α 6= n, it is clear that
(σD(E)(gjk)(ξ)(g˜))jk = −
F−2
4
t00 j = k = 1 and for all other case is zero
So it is a weakly parabolic equation.
Since scalar form of both equations are same so it seems that scalar form is not such a good
form for studying flows. On the other hand, you saw there is not any difference between choosing
second part of definition GEM or first part of it for introducing Ricci flow but with last proposition,
we can say that the tensor form of Ricci flow is ∂
∂t
gij = −H˜ij since we use the second term for
introducing a new version of flow in Finsler geometry.
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